EE407: Notable Antennas Equations
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Antennas:
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erms o — _ . 1 i
vomee | Bs=V*A,  B=pH | E z-jo|—VV-A, -jod,
Vector k2

Potential:

Al2 I

Dipole ( )_ = fff e TkIr=r'| g/ A (r)m = f oz g JH(r-z'cos8) g/
centered at 0 |r-7| 4n (r-z'cos)
A -AIR

e I Al
Infinitesimal A(r)= B,

e 7*" (cosBa_-sinOa
Dipole As: 5 Ay ( r o)

Infinitesimal inl Al
Dipole Near | E = -
Fields: 4nrik
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Infinitesimal : kI Al E
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Cartesian —
Spherical
Conversion:

A, —sin ¢ cos ¢ 0 || A, cos @ —sin 6 0

dS = r’sin@do do a, dv = r’sin 0 dr df d¢

1
Power P = ERE{S} =

Equations:
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cos(% cosB) I COS(E cos 9) I COS(% cos B]
F0)y=——"—+ E = Molo i 2 H i o -jkr
sind " o nr ¢ sin s mJane sin®
Half-Wave
Dipole in Air:
= l 2 2n% cos| Z cos B ! Py = =36.56 I IR .,
Pave 2 n, |yl e, By = [f %[25 J_lz_ = ] rsinBd dp
00 T, sin md—2(3656)‘=730
Ll
Antenna P = Pfad + Ploss Ty | |2R |I.S |2Rlns.s' Q_ E | Isl XA n _ Prad _ Rmd
— : R e [ r
Impedance: Ss =P+jQ Power radiated ~ Power dissipaled Power stored in P’ ad * PI"’" Rm”‘ * Rl"""""
by the antenna by the antenna the near field of
the antenna
Monopole 7 -1 quarter-wave _ l half-wave _ l : - :
Impedance: ( A)”“’”"P"’e 2( )"’3"”5 (ZA)monopole 2 (Z ) dipole 2(73 42.5)0 = (365 +/21.25)0
Small Loo BL,AS : —jkr o - A P A U j | e o LAS (k1)
Antenna:p A= g (ke *sinba, | 7k e | o, 4 r__# e | Evm Ik sma[}?+7]e k
Small Loop T S 1,A§ g o ikr , L,AS "
Far Fields: bs 4nr sind e E =nk :‘ur sin@ e/
Small Loop 42 a0y | IMAIN 4o
Radiated ;= T]Ok IO AS 160TE4IZ'AS2 1. R - 32011: S
Power and m 12w rad = T = 510 Rrad rad 14
resistance: rep|ace Mo with ]
U(B (I)) 2nn 2nn
- Pars P, f f U(0,$)sin0d0d¢ = f f U(0,$)dQ
Radiation P ff PWgrzsiande) mx
Intensity: 00 fo(e’d’)dQ P
_ 00 _ " rad PR
Upy -2 dQ=sind d0dd
_U®,9) _4nU@O.9)
Directive G,(0,0)= U p GAB.0)=1 | (G.O.0)] - [U0.9)],,  4n[U(O,9)],,,
Gain and - rad ST T e U B P
Directivity: (isotropic radiator) avg rad
: G (dB) = 1010g,,G,(8,.d,) D(dB) = 10log,,D
Power Gain: Gp(e=¢) = 411:+(9,¢) Pin =Prad + Pla.rs
i Half-power point: Null points:
Hall power Uo) = 0.5 U =0
e HPBW: FNBW:
' 20 at whichU(0) = 0.5 20 at whichU(6) =0
Reactive near field: Radiating near field (Fresnel): Far field (Fraunhofer):
Antenna
Field r < 0.62,/D3/1 0.624/D3/A < r < 2D?/2 r>2D*/1
Regions:
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Pattern
Multiplicatio
n Theorem:

Array pattern = Array element pattern x Array factor (AF)

kI Al
R Eg, = Eqy+ Eg, ~j1 4; : sinBe 7+ [e Jk(d2)oos® . ,ju e;k(.ﬂz)ma]
kI e’’Al _ _
Two element nert écosﬁ Egy =jm y sin ¢ /H7 * (42)a0] Element Pattern Aray Faclor (A
array Of 2 (infinitesimal dipole at the origin) ey Fector (49
Hertzian d kI e/®Al
-9 050 . e P
dipoles: rer 2(:OS Em =jn :_T”, sinfe Jk[r - (df2)cos8]
3
AF = 2¢ 2<:us[5(ka'n:os('l +m)]
. phase difference between elements
L=1, L=Le* L=Ie&%™ - [ =I¢/Wix By oi%’= i Eafb'e."soz.h'fea* + Byy ' "
:E,[l + glle v kdoosB) o o j2(n v kdoosh) | o S(V-1)(8 + kdeosB)
rer N-element array centered at | , | e % i E F]
B2 o o -
= r - deosh origin:
General N- :::2::;9 & N lized: | Fw*re™ D) o e ki)
Element : ormalized: dnr P T R —
Linear Array: |7=r-(¥-1)docsd N [ Ny . 1o s 0w (4 =+ kdeos)
! . (T (4F), = 1 N2 | Bpymp e T p v ety [2 I
AF=—\ </ = % ° 4nr :
sin| ¥ v sm(%)
2
Nulls: Peaks:
Array 2 1,23 A
ion: 8 =cos!| 2 |-gx 2T =l &3 0 =cos’1{— -ex2mn m=0,1,2, ..
function: 3 [“d[ et ¥ 2V A, o n vl )
4 - P, pol Vil 1 UVgl2P 1Vl For an infinitesimal dipole:
‘¢ P " 2R 2 R 8R
avg rad rad rad |E |2A'2
5
Effective 32 Effective area for any orientation: 4 = P, 640m®> _3A* 3 A2
area: e o 12 8&m 24w
A4,=D— A2 ® e |E,|* 8t 24n
415 Ae(aa(b) = Gd(e:(b)_
4 T 240n Infinitesimal dipole directivity
Friis P, A )2
Transmission Ooe = Anr? Pr = panger ‘Pr = Gdder 4_ Pt
Formula: TF
r1: distance from Tx to object For a monostatic radar: Tx =Rx, ri=r2=r
: UA'ZGerdt r2: distance from object to Rx ) 1/4
Radar: - (41!:)3r2r2 rad | g:radar cross section (RCS) of = oA Gd,Gay Pmd
172 ; =
object
) (411:)3 Pr
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Radio Wave Propagation:

Atmospheric
refraction:

2
Free space A
! Lo=|—
path loss: Ard
AR= (R +Ry)- R, Fral = Ewg + Fas 2}
— —— REFLECTED DIRECT y = 7?' 71‘
REFLECTED  DIRECT =F AR =~ d
—;A'RO -
Multipath j S ACAYACHE {Hr-myﬂ)-ff(%)efmJ kh.h
from a flat I = pg”’bl— A ¢ 4ATR, S0 f,(8c) |F| = 2|sin< c; T)I
ground: 0<F<2
2 ) khth'
¢ w0 P. = Py, |F|? = Py, 4sin ( : )
Then T ~_| kheh,\?
P~ Pat ()
d
Minima Maxima
. M” tany =nw  (n=0,1,., 0) kh;tany =mm /2 (m=135,..%)
Maxima and 27T
. . “~ _ 2 2n+1
minima of T']7; tany =nnw —htany =——n (n=0,1,...,»)
PPF: . ) A . )2
tany = nA/h, tany =27 DA
4h,
Coverage I @ sin Zﬂhthr B Receiver height (ht) plotted against range (d)
plot: d Ad
) hyh\2
AN . . 27hth = Lt
Power Pr = 4PtGtGr| —— | sin’ d F PfGtGT4< d? )
received: 47md Ad
sin@~@ Since ht, hr <<d, 8 is small
Ray trajectory: Re: actual Earth radius (6378 km),
- Hﬂ sin®@ =CONSTANT n: index of refraction, found by:
n = 4/, is found by:
1) n=1+yp/ pgy +HUMIDITY TERM 2)

77.6 , _ -6
n=——I(p+4810e/T)I0" -1
x: Gladstone-Dale constant (= 0.00029) T
p, Psi.: mass densities at altitude and sea level
respectively

p: air pressure (millibars)
T: temperature (K)
e: partial pressure of water vapor (millibars)

Exact distance from Tx to horizon: “R'e >>hy
5 - .
~ |7 D’ ~ 7R
R ~y2Rh & R, =~ 2R;I,

[ 2 2
Rr =Y (Re" +/ It ) - (R(; ) Rrir =+ 2Roh; ++ 2R},

(distance to Radio Horizon)

Equivalent Earth radius:

-1
Definex = |1+ RLi,__.’E(h)} s.t., [W(h)]

€, dh

2 2 2]3_ 2 2h ’
\.l}!}’o+—’ _UIO+R(F - R{;:h:REJ

e 2]

Valid with the following assumptions:
1) constant index of refraction,  2) ray paths are nearly horizontal, and 3) /&, vs. his linear over the range of h

K= S — R', = 8500 km under normal conditions
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Path-gain factor:

Fl=+pere /2

D: divergence factor,

AR=R,+R,-R,

Approximate path-gain factor formula for interference region:

e {(:1 +MDf —4r|D smz[wF

Interference
region:

2hh- hy + h-
AR ="12J(S.T) tany = L2 K(S.7)
" -1/2 d d h‘l = min{ht, hr}
= 1 : 2
D= H_M L R Sy = PR h, = max{h;, h,}
S(1-53)(1+7) V=R V2R,
B d S5 T+S,

Y PR . T=./h/h (<1since b <}
.\I;'EREJ?I + ";.-:chsh: 1+ 7T VRO RELY; ( n < ?2]

J(S.T)=(1-S{)(1-53) K(s.7)=U=SD+T"(1-53)

1+77

-

cos“[ 2R, (Iy ~hy)d
E

()

-

3

d1:§+Pms{(D+fr ]

-1‘ 2

3

Y

b

Alternate form of phase difference:

Ll/2
] p: . [R;(hl‘l'h:)‘i‘(i]

2kihy  an a ITAE S
FAR = =2 (1-S{)(1-83) =v{n y=—>Ll_=_1
d A2R, 10304
. hy/h Distance to radio horizon:
{ =—2—L(1-sH)1-53) i
/ RH = dRH — A/ "'Rt’hl
Special case in which the reflection coefficient (') is -1:

k AR -
F={(1+ D) = 4D cos’ —9-2-—] =|(1+ D) -4D cos’(aﬂi)

n

To plot the coverage diagram of the above special case, use the normalized coordinates

d 7
(hz/h1)andd/dr — F me-, where d; = /2R’ hy
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For frequencies > 100 MHz:
— 1/ (V I T
Diffraction
region: , A \l 1
R’; ~ 2 / : l R’J ) : - 2/
L= 2[(;) =284123 (km) H :{ ¢ |” =47.554*"°(m)
v 2=
, _ — -2.02X Ui is found from tables or curves
V1(X)=2/nXe
If the direct path’s phase differs from the reflected path’s phase, then
AR=nA/2 (n=0,1,)
Assuming T = pe/™ = —p, then:
If n is even: two paths are out of phase and received If n is even: two paths are in phase and received signal
Fresnel signal is min. _is max.
zones: “Ry=d-> Ry di+d,=d +~ R +R,=d+ ni/2
Radius of nth Fresnel zone: To find Tx and Rx locations and heights that give signal maxima:
—_— 1) reflections points should not lie on even Fresnel zones (if n
|
I'n - jntd,d, even, received signal is min)
\ d 2) LOS should clear all obstacles by 0.6r1 to essentially give free
space transmission.
Clearance height:
dzhl + dlhz
h,={————=~h)cos 8.
d
Diffraction loss factor Fq: (negligible if Hc> 0.8)
E,, 1 © where Hcis the clearance height parameter:
Fy= 5|~ 73 /™2 gy H 2d_,
0 21-H, €7 Nodidy €
Received power:
Diffraction:
B = Py |Fd |2
( 0, H.>1
2010og(0.5 + 0.62H,), 0<H.<1 Earth’s bulge factor:
201og(0.5exp(0.95H,)), ~1<H,.<0 d.d
Fy(dB) =< h=—r"r
d 20log (0.4 +/0.1184 — (0.38 + 0.1H,)2), —2.4<H.< -1 : ~
1.5k
—0.225
\ 201log T , H. < -24 | (add the max bulge
¢ factor to 0.6r1 to
compute the minimum
antenna height)
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Power density at Rx:

2
P, = Py 24|

P4ir: Power density received if free space As: attenuation factor
Surface If d <50/( fymy )" miles, then the following equations may be used:
waves: 2403 A‘]’
p D = —-06 . ° . .
4, |=————L _ [p/2%%Psinb (5<90°) p=— — (numerical distance)
2 = [.2 N
2+p+0.6p 2\/e; +(0/we,)
~ o \ iy
b= tan_l[ Erfe® | o/we, = —1'8% 100
X .fMHz
Relative dielectric constant of an ionized gas (assuming electrons only):
2
m;
£, =1- -7
o(®—jv)
v: collisions per second Ne: electron density (m3)

- - . =31 4. .
e=159%x10"" C. electron charge m =9.0x10 kg, electron mass
Plasma frequency (rad/s): If no collisions occur (v=0), then the

propagation constant is:
‘ 7
'N e” —  w?
_ | e - — . —7 1P
(,)p =_ [—— ko=o.u,e,€, =k, |1——3
1 - \ -~
II*I me 0
where k, =./u,¢,
Possible cases for w:
1) w > wy, : kcis real, and the wave continues propagating since ;= /kc= e-f|kr|—'
2) w < wy, : keis imaginary, and the wave is evanescent (attenuates only) since e JFe = e“kf|-'
lonospheric | 3) w = w), : ke=0, and the wave is reflected. (critical frequency)

propagation:

At normal incidence, max frequency at which reflection occurs:

()] f
_ e o (A7
f € 4 ~ 9\.»‘ N emax

Reflection can occur at smaller Ne (or higher f.) if incidence is oblique.

At oblique incidence: (angle of incidence: ;) T v a—
A SIN }l’ = {|8 1N emax
Ssiny, = Je,(2) o l—cosTy, =1-——gma . AR A p 2 v,

|
(]

Maximum Usable Frequency: (from secant/Martyn’s law)

f=9N

emax SCCV; = -f(' secy/;

MUF is found when sec(y);) is max, Optimum Usable Frequency is 0.5 to 0.8 of MUF

Skip distance: _
Flat Earth model: Spherical Earth model:

d =2k - tan(y,) d = 24/2R' I’
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lonospheric
propagation
(continued):

Referring to Figure 1 below, curved Earth equations:

1+h'/R,—cos® 1 e d

sm e tany,

2R, sm@

sin y/;

2R,

£

A=¢-90°=90° — 60—y

Launch angle:

i

Modified Friis formula:

PG,G,
=————L L
r Rt e ¢ 4
(4R /A)”
The losses in dB are: (negative)
_ Giono: gain due to focusing by the curvature of the
Ln.‘ - Jr—pu:)l + lreﬂ o Giono ionosphere

Lreni: reflection loss in case of multiple hops

La: absorption loss

Lpol: polarization loss due to Faraday rotation and earth
reflections

R: great circle path via the virtual reflection point (as
defined previously)

Ducts and
nonstandard
refraction:
(refer to
Table 1
below)

Refractivity:

N(h)=[n(h)-1]10° 4

n(h) = E‘, (h)

Normal atmosphere (equivalent earth radius):

Gradient of the vertical refractive index is
linear if

dN/dh ~ -39 N units/km

If
dN/dh < -157

Rays will return to the surface

Modified refractivity:
M(h)=N(h)+10°(h/R.)

For ducting:

dM /dh = dN/dh+157

Attenuation
due to rain
and gases:

attenuation in dB/km:

A = aR?

where R is the rate of rain in mm/hr

. E
a=G,fcuz °

. E
b= beGHz b

G,=639x107 E,=203 fou, <29 G,=0851 E,=0158  fap, <8.5
=421x107° =242 295 fou, <54 =1.41 =-00779 8.5< feu,; <25
=4.09x10" =0.699  54< fg, <180 =2.63 =-0.272 25< fomu, <164

Conversions: 00254 m=1m: 12m=1f:33ft=1m: 5280 ft=1 mu: 1 km=0.62 nu
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Okumura
model:

Valid for: 150MHz < f. < 1920MHz, 1km < d < 100km, and 30m < h{, < 1000m

Lso(dB)= Lr + fbrm(ﬁd) -

Lso: 50% of propagation path loss

G(hh?) — G(h}'(’) — G.-iRE.-{

Lr: free space propagation loss

Anmu(f,d): median attenuation relative to free
space, found from plots

G(hte): base station antenna height gain
factor

G(hre): mobile antenna height gain factor

Garea: gain due to environment, found from
plots

Gain factor calculations:

(h
G(h, ) =20log| St ]

p
G(h,,)=10log Te}
h

G(h,,) =20log reJ

L,.(dB) =32.45+20log,, f.(MHz)+20log,, d(km)

Pr = EIRP + Gr - Lsg

where the Equivalent Isotropic Radiated
Power, EIRP = P:G¢

Hata
propagation
model:

Path loss for different terrains:

I'5(l—urban

(dB) =69.55+26.16logf; —13.82logh,

—a(hre)+(44.9—6.55Ioghte)logd

2
f
L3y suburban(9B) =L yrhan = 2@09{ %8]] -34

I'5|l—rural(dB) = L50—urban -4.78

logf, || ~18.33l0gf, ~40.94

fc: frequency (in MHz) from 150MHz to
1500MHz

hte: effective Tx antenna height (in m) from
30m to 200m

hre: Rx antenna height (in m) from 1m to 10m

d: distance from Tx to Rx (in km)

a(hre) is the correction factor for effective mobile height, calculated from:

1) for a small city:

a(h,e):(1.1logfc—0.7)h,e—(1.56Iogfc—0.8)dB

2) for a large city:

a(h,.e):8.29(log1.54h,e)2—1.1dB for f, <300MHz

ofhy) =3.2(1og11.75hy, )

—4.97dB for f,>300MHz
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Environment-

L,= Lo+ 10c log;o(d)

based path
loss: Lo: frequency dependent component, independent | a: path loss gradient or path loss
of distance. Often path loss at 1m exponent
. P, o P,
P.(d) < | = ] orR P,.(d) = : _
General path d L(]((//(/{l)“
loss formula:
a: path loss gradient or path loss Lo: constant computed at distance do
exponent, as in environment-based path dois 1m in indoor areas and 100m or 1km in
loss outdoor areas
Motley-Keenan and Rappaport model: (Lo as above)
Indoor path Lp = LO + 20 IOg d + E ”7?.11?. + E HJ.F}
loss models: - -
z J
mi: number of partitions of type i, ni: number of floors of type j,
Wi: loss associated with partition i Fi: loss associated with floor j
-1/2
2
P Ll i
s =175 &t | |/ — &
Skin depth: [ 2 wéey J
Recall from EM2: k = 2m/A and & and o/weo are the real and imaginary parts of the dielectric
constant respectively
In terms of energy (W), time (t), and mass (m) or volume (V) and density (p in kg/m3):
d dW d dW
SAR="—— =
dt dm dt pdV
In terms of RMS electric field (E in V/m), conductivity (o in S/m), and density:
2
Specific SAR = oF
Absorption -
Rate: p
As a function of rate of rise in temperature:
cAT
SAR =
At |,_,
AT: change in temperature At: duration of exposure (s) C: specific heat capacity

(°C or K) - [)/(kg °C)]
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E=\|E}|+[E}+

o S =0l|E[ +|E, [ +|E[]/57675 | o8, = 0.1[\11‘_\3 +|H |+ \H,_f]ﬁj?@ 73

where Sg and Sy are in mW/cm?, and no= 1207 = 376.73 (intrinsic impedance)

Compliance -

with RF S = maX{SE, SH}

exposure

standards: Max combined power densities in environments with mixed frequencies sources:

S Sn
1 2

i <
ZL LT +Ln

where S; is the power den5|ty at frequency band i, and Li is the Maximum Permissible
Exposure (MPE) at frequency band i.
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Figures and Tables:

Figure 1: lonospheric propagation angles and sides.

) Ray Atmospheric Virtual Honzontally
dN {dh Curvature K Refraction Earth Launched Ray
=0 up =1 MOre Convex
0 none 1 below actual
aN normal moves
0= -5 1 ;}wa}’
-39 4/3 normal less rom
N ~a3 convex Earth
-39 = E > —157 down above
- normal plane parallel to
157 Earth
_ _ super-refraction concave draws closer
<-157 to Earth
Table 1: Refractivity and ducting conditions.
Averaging
Frequency Electric Field Magnetic Power Density Time
Range, Strength, Field Strength, EField; HField |E?; |H?|:
f(\MHz) E (V/m) H (A/m) S (mW/cm?) S (min.)
0.003-0.1 614 163 (100; 1,000,000)* 6
0.1-3.0 614 16.3/fF (100; 10,000/ %) * 6
3.0-30 1.824/f 16.3/fF (900/7%; 10,000/f%)* 6
30—-100 61.4 16.3/fF (1.0; 10,000/F%)* 6
100—300 61.4 0.163 1.0 6
300—3,000 — — /300 6
3,000—-15,000 — — 10 6
15,000-300,000 — - 10 616,000/

Table 2: ANSI/IEEE C95.1-1992 Radio Protection Guidelines for Controlled Environments.

* Plane-wave equivalent power density, not suitable for near-field conditions but can be used for comparisons.
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Power

Electric Magnetic Density Averaging Averaging
Frequency Field Field E Field; Time Time
Range, Strength, Strength, H Field |E?; |H?;
f(MHz) E(V/m) H(A/m) S (mW/em?) S(min.) S (min.)
0.003-0.1 614 163 (100; 1,000,000)* 5 6
0.1-1.34 614 16.3/f (100; 10,000/7%)* 5 6
1.34-3.0 8238/f 16.3/f (180/f% 10,000/)* /0.3 6
3.0-30 8238/f 16.3/f (180/% 10,000/4)* 30 6
30-100 275 158.3/'%68  (0.2: 940,000/%%)* 30 0.06361" %%
100-300 275 0.0729 02 30 30
300-3,000 = = f/1,500 30 =23
3,000-15,000 S - /1,500 90,000/f =R
15,000-300,000 — 3 10 616,000/f'2 —

Table 3: ANSI/IEEE C95.1-1992 Radio Frequency Protection Guides for Uncontrolled Environments.

* Plane-wave equivalent power density, not suitable for near-field conditions but can be used for comparisons.

Magnetic Current Whole body Localised Localised Power

Frequency flux density average SAR SAR desnsliv, 8

range density (mA/m?) SAR (head and trunk) (limbs) (W[n'x;)

(mT) (rms) (W/kg) (Wikg) (W/ke)

0 Hz 40 —_ —_ — —_ —_
>0-1 Hz — 8 — — - -
14 Hz - 8|f = _ = =
4-1 000 Hz —_ 2 —_ — — —_
1000 Hz-100 kHz — f/500 — — — —
100 kHz-10 MHz —_ f/500 0,08 2 B —_
10 MHz-10 GHz —_ s 0,08 2 + —
10-300 GHz — —_ — — — 10

Table 4: Basic restrictions for electric, magnetic, and electromagnetic fields.
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Frequency Electric Field Magnetic Field

Range, Strength, Strength, Power Density  Averaging Time
f(MHz) E(V/m) H (A/m) S (mW/cm?) (min.)

0.3-3.0 614 1.63/f (100)* 6

3.0-30 1,842/f 4.89/f (900/7%)* 6

30-300 61.4 0.163 1.0 6

300-1,500 — — /300 6

1,500-100,000 — — 5 6

Table 5: 1996 FCC limits for occupational/controlled environments.

Frequency Electric Field Magnetic Field

Range, Strength, Strength, Power Density  Averaging Time
f(MHz) E(V/m) H(A/m) S (mW/cm?) (min.)

0.3-1.34 614 1.63/f (100)* 30

01.34-30 824/f 2.19/f (180/f%)* 30

30-300 Z2ih 0.073 0.2 30

300-1,500 — — /1,500 30
1,500-100,000 — — 1.0 30

Table 6: 1996 FCC limits for general population/uncontrolled environments.




