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Chapter 8:
Decision 1
Boundary r.5;+5[NoInP.(sp) — &]
Equation:
Binary —~
A_ntipodal_ B =1 —Q( /N—;) P(E)=P,=1-P.(C) _Q( ZN—E“)
Signals with °
ML.:
. Pr(C) :Pr(sl)Pr(Clsl)+Pr(SZ)Pr(C|52)
Binary
€
oo | ool bl ) ro-n=-ne=o( )
Signals with 0
ML: =1 &
o fi)
di = d* = € + &, — 2,(€,€,py, _
' P(C) = BsD|1-Q (“”— ﬁ“‘) +RG)|1-0 (d 2”")
1 j ! (£).s2(t)dt (51.52) _ 5152 o o
= — s .5 = =
General Pe= Teg b O Isalliszll ~ Ve,
Binary N2 (PAs)
Signaling Ttn = —g—In 55,
i d+2 d—-2
‘(’j‘gttgc't\gfp BE) = 1-B.(C) = P,=P.(s))|Q (ﬁm) +B.(s) [Q ( = ”‘)
P12 = —1, when antipodal 0 0
p12 = 0, when orthogonal
M?—1)E
) Sbavg — Q Az P (C) -1- 2(M — 1)Q drznm P, = 2(M — 1)Q 6logy, M Ebavg
M-ary PAM: 3log, M r M 2N, M M (M2-1) N,
’ %
. T log, M _p —1_ _ d2in _ d2in _ b
PSK: Qg ~ 2~ 2= E B(E)=P=1-R(O) =2 [Q( > NU) Q( e P=0 5
Union p(E)_liP(Els)<li iQ( dik )
r =7 T i) =737
Bound: M =1 M i=1 k=1 v 2Ny
k=i
x 0(x) x Q(x) x Q(x) p O(x)
0 0.500000 1.8 0.035930 3.6 0.000159 5.4 3.3320x 1078
0.1 0.460170 1.9 0.028717 3.7 0.000108 5.5 1.8990x 108
0.2 0.420740 2 0.022750 3.8 7.2348x 107> 5.6 1.0718x 108
0.3 0.382090 2.1 0.017864 3.9 4.8096x 1073 5.7 5.9904x 10~
0.4 0.344580 2.2 0.013903 4 3.1671x 1073 5.8 3.3157x10~°
0.5 0.308540 2.3 0.010724 4.1 2.0658x 1072 5.9 1.8175x10~°
0.6 0.274250 24 0.008198 42 1.3346x 10 6 9.8659%10~1°
0.7 0.241960 2.5 0.006210 4.3 8.5399x 106 6.1 5.3034x 1010
0.8 0.211860 2.6 0.004661 44 5.4125% 1076 6.2 2.8232x10°1°
a—m 0.9 0.184060 2.7 0.003467 45 3.3977x 107 6.3 1.4882x 1010
PIX>a]=0Q 1 0.158660 2.8 0.002555 4.6 2.1125% 106 6.4 7.7689%10~"!
o 5 4. . . . 49X R . X
1.1 0.135670 2.9 0.001866 4.7 1.3008x 10~ 6.5 4.0160x 10!
m—o 1.2 0.115070 3 0.001350 4.8 7.9333% 1077 6.6 2.0558x 10~
PIX<a]l=Q(—— 13 0096800 3.1 0000968 49  4.7918x10~7 6.7 1.0421 10!
o 1.4 0.080757 3.2 0.000687 5 2.8665x 1077 6.8 5.2309x10~'2
1.5 0.066807 33 0.000483 5.1 1.6983x 107 6.9 2.6001x 1012
1.6 0.054799 34 0.000337 59 9.9644x 1078 7 1.2799x 10~!2
1.7 0.044565 3.5 0.000233 5.3 5.7901x 108 7.1 6.2378x 1013




Chapter 9:
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Orthogonal M-
ary Frequency
Shift Keying:

Waveforms: _
fn = fo + mAf
w.(t) = Re(s, (t)el2Tct) = Re (J;‘-’eﬂm’mﬂ el2mfct ) = ]: cos(2nfi,t) for 0<t <T, m=12,... M _
m(®) = Re(sp(t)e/"/e") T Af = | fin — fal
Em =&
m s for
adjacent [m—n|l=1
tones:
Orthogonal: &, sin(2r| m — n|AfT) k 1
(coherent detection)  <:®.w®>=7=—E—Em=0 L M Sgnmm 0 Mae=gp
Orthogonal: k
2€ sin(m| m — n|AfT) - J——
. |< S (t), sp(t) >| — i e A Af = — Afmin=
(non-coherent detection) T ~ alm—nlbf =0 - [m—nT - T

Geometric representation:

N=M ‘ U =0 Vm=#n ‘ umm=\/8_5 ‘ Amn =/ 2&;

Demodulation: (assuming ML and u, is transmitted)

n=yJ&+n, m=mny, etc. - Pr{Correct} = Pr{\/er n > ng,e VE +my > nM}

- oo M-1
- P.= f Pr{\/g+171>n2."x\/§+nl>nm|nl}f(nl)dnl = [ (Pf{\@+IT1>ﬂz‘ﬂ1}) f(nm)dm
M-1 A \/7 M-1
o m+VE 1 A
- /. [1_ M\r f(m) dn /-“(1_[1_0 NG )] )m nn
2
P,=1-P =

where f(n,) is the pdf of noise n;
o0 . 1 e 2
P, = j:w (1*[1*Q(X)]M l)—21I_e 7 dx

where x = % and v = Ep[No, and k = log,(M)

Non-coherent
BFSK:

sm(t) = /% cos(2n ft) r(t) = s — cos(2mfit + 6,) + n(t) O = —2TfmT

In absence of noise:

2F,
r(t) = \r?" cos (27 f1t + 61) r(t) = 1(‘@cos(zﬂ-fgt+3g)
b Ty

01 A 08, are random with uniform distribution, four basis must be constructed:

= B cosnti 00 = Bocost [ -
s1(t) = o cos (27 f1t + 61) cos(2x fii) cos(01) sin{2rf1t) sin(9,) Yo () = /2/Tycos@r ity Po(t) =— 2/ Ty sin(2r f1t)
so(t) = \Jgf cos (2rfat + 62) = 'J cos(2—f2f)cos(()2) ,) sun(2rrf2f)sm(02) ac(t) = V2/Tycos(2mfoty Pag(t) =-/2/Tysin(2mfot)
b

51 =|[+Eycosf; /Epsingy 0 0]
s; =[0 0 +/E,cosby /E,sints ]

Decision rule: (if sa is transmitted) where lo(X) is the modified Bessel function:

envelope detection
I 2‘\IE(7i(2 +r152) >1 2'\/‘E(r1.:2 +r21'2) N (2 2p 2 ) 2 n{ Er, cos(ﬂ)+ 2WEn sul(ﬁ }-’ﬂ _I[Z E(r, +rl,‘)]

y N, - N, \/'rlc +ris > \/TQC + s 2” ° M
1 B, )
Pe=—exp|—
e =3P ( 2Na
1-band-limit: f-w |X(F)I" df > 1 where 7 is some out-of-band ratio

JZ X df

Dimensionality
Theorem:

Max dimensions
N =~ KWT
where T is the signal duration and K is some constant usually chosen equal to 2
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% where R is the bit rate and W is the bandwidth, bandwidth is calculated from PSD of transmitted waveform

bits/sec/Hz

R ) log,(M)

w N

Assuming modulations satisfy W = %

Bandwidth
efficiency: M-ary FSK: (N=M) SSB PAM: (N =1) PSK and QAM: (N =1)
R R R
—<1 —>1 —=>1
_ W= w” w=
Suitable for channels with power Suitable for channels with bandwidth constraints:
constraints: ¢ Reduce required bandwidth
e Improves energy performance ¢ Worsen energy performance (increases required SNR for given P¢)
(reduces SNR for given Pe)
e Increases required bandwidth
Capacity: max number of bits per channel that can be sent reliably
1 P
C=—lo (1 - —) bits/channel use
2 B2 WNQ /
Shannon’s With 2WT channel uses/transmission and 1/T transmissions/second:
channel coding P R P
theorem: C=W-log, (1 + —> = o <log, (1 + W_NO>

bits/second

WN, w

= log,(M) R

PT P

LR (1+Rg”)
Tw ST,

Shannon limit:

If R < C, then Pe can be made arbitrarily small by extending If R > C, then Pe is bounded away from zero.

code size

C = maxI(X;Y)

p(x)
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Chapter 12:
Self 1 e If a =2, info is bits/symbol
elf- A
: i I1(x;.) =log, —— L =1 — =] e If a =10, info is Hartley/symbol
information: () Ea P(xg) k = 108a Dx 08a Pk e If a =g, info is Nat/symbol
>
Entropy: H(X) = E(I) = Z Pk 108_ = Z P log py H(X) < IOgN H(X) - H(le)
H(Y|X) = — Z Z p(x ) logp(ylx) = E(—logp(Y]X)) | HXIY)=- Z Z p(x,y) logp(x|y) = E(—logp(X|Y))
. XEX YEY XEX yEY
Joint and
conditional p(xiy;) = p(yilx)p ) = p(xily)p(y;)
entropy:
>  HX,Y)=HX)+H{|X) A HXY)=H()+HX|Y)
p(xi.¥;) p(y;lx:)p(x:)
1(X; Y)—ZZp(xl,yj)log o )l (} ) zzp(xuyj (} )l ( )l
Mutual =1j= PPV == PR . S
information: | (X; ¥) = I(Y;X) = H(X)+ H(Y) — H(X,Y) = H(Y) — H(Y|X)= H(X) — H(X|Y)
I(X' Y) >0 with equality if X and Y are independent 7 (X'X) —H (X)
Given N symbols each with a unique set of R bits:
If N is integer power of 2: If N is not a power of 2:
S R =log, N bit/symbol R =|log, N] + 1 bit/symbol
ource
coding - R>1log,N A H(X) <log, N R>HX) A — H(X)  coding efficiency
theorem: R
Average code length: N Condition:
R= Z I(x;) P(x;) HX)<R<HX)+1
k=1
o Order source symbols by decreasing probability
o Group the d least probable symbols, where:
N =INT + R
D-1 D-1
Huffman
coding IfR=0 -d=D-1 | IfR=1- d=D | IfR>1-5d=R
algorithm: o Add the probabilities of each group
o After the first group of d symbols was coded, other groups contain D symbols, and so on. (D is equal to the base)
If blocks of J symbols are encoded at a time, then: R 1 ] _
HX) <L <HX)+- J_R
J J ]
1) Find entropy of Y for fixed input X = x:
HY| X =)= [ log, p, |\(Y|I)]
Mutual
- 1
information y_znp‘l (y’“ %82 p‘|‘(y|“
and channel Conditional probability pyjx behave like normal probabilities
capacity for |- ditional b ing the values from the previ X:
discrete- ) Find the average conditional entropy by averaging the values from the previous step over X:
valued 1/0: H()’[.‘\:) Z H(YlX = z) py(2)
=— Z p\(r)z Py \(y’ﬂlogw Pyx(¥2)
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3) Evaluate H(Y) from the given probabilities of the values of Y or from:

()= py|_\—(y\:1p_\-(1)

T€y,

4) Find mutual information:
I(X,Y) = H(Y)- HY|X)
==Y py(v)log,(py(v))

yen
_hoen

e,

7 5 Z P'\-(I)Z pq_\-ty‘f}log: p,-|'\»1y|ri

5) Channel capacity is then:
Cy = max I(X)Y) [bits per channel use)
Pxle

H(Y) and H(Y|X) depend on the input distribution. In some cases where the transition probabilities are symmetric, H(Y|X)
cancel out, then maximizing 1(X,Y) is done by maximizing H(Y).

IX,Y)= HY)-HY | X) = ... where p is the bit flip probability
. = H(Y)+ plog, p + (1 — p)log,(1 — p)
Binary - i
Symmetric since max entropy of binary random variable is 1 and outputs are equiprobable:
Channel: _
C, =1+ plog, p+(1— p)log,(1 — p)
|fp:0.5,Cs:0 |fp:00|’1,Cs:1
for n uses of channel:
Channel : - - ’
! 0<C <min(H(x),H(y))<min(log/X], log[}|) . |
capacity: ( * (o e C™ =—maxI(x,,:y,,)

N Pu,
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Chapter 13:
. Distance: d(v,w)
Weight: w(v) - . .
Hamming Number of 1s in the sequence v Number of bit pc)josmons that are different between the two
eight and sequences v and w
W. Property #1: Property #2:
distance: _
d(v,w) + d(w,x) > d(v,x) d(v,w) =w(v+w) = dpnin = Wnin
¢: code matrix with 1 column and n rows
C = X G X: the message matrix with k columns and 1 row
G: generator matrix with n columns and k rows (n, k)
I, =k xFk identity matrix € =(Cy5Cp0s ) = (v1ux2, X5, s Xty Py P oo Pci)
G= [Ik | P] P, =kx(n—k) matrix message bits ity check b
o . or flipped with parity check bits before message
Linear P: parity matrix bits if G = [P|I]
ber of Independent columns
Block i found from G | sit. Num
. H=[*PT| I.] = [Prl I_.] st T _ T of H is equal to dmin of H, number
Codes: nkd nk cH' =0 A GH" =0
binary codes of dependent columns = d,,;;, — 1
. ] _ dmin—1| :
For an (n,k) code: Aoin < 1 — k +1 Codes with dmin detect d,;;;, — 1 errors and correct up to l—z J in each
codeword.
Hamming codes: (m > 2)
Code length: number of info bits: Number of parity bits: | Error correction capability: Min distance:
n=2m-1 k=2m—m-1 n—k=m t=1 dpnin =3
r: received codeword | 2™ possible received vectors 2"k error patterns can be
Hard “r=c+e »S=rHT = eHT | e:error pattern 2% valid codewords corrected
deC|3|(_)n S: syndrome of r 2"k possible syndromes
decoding: Error patterns:
(error n n! where n is the number of bits in the codeword, and et is the type of error
detection) (et) = ell(m—ep)! (single error implies er= 1, double error implies e=2, etc.)
Matrices represented previously are now represented as polynomials: (X is the indeterminate)
c :[co_ Cpevenn Cn—l] 5 e(X)=co+ 1 X + X2 oot 0 X1
o o 9X) =1+ X+ @pX2 4+ g X1 4 xnk factorof X* +1
C(X)=m(X)g(X) ; . ) e
m(X) =my+mX +m X" +...+m_ X degree (k-1)
rows of the generator matrix have a cyclic shift, e.g., if element x occurs “GHT =0 -
. in col f the fi it will be in col 4 of th .
Polynomial in column 3 of the first row, it will be in column 4 of the second row g(X)ll(X) = ¥"+1
li — -
f:gggs_c) Steps to finding cyclic codes:
’ 1) Multiply the message polynomial m(X) by X"
2) Divide the result from the previous step by the generator polynomial g(X) to obtain the P(X)=X"*m(X) mod g(X)
remainder X 'm(X)=q(X)g(X)+p(X)
3) Add the remainder p(X) to X™*m(X) to form the codeword c(X) | c(x) =X"*mX) +pX) = q(X)g(X)
Syndrome decoding:
wrX) = C(X) +e(X) = mX)g(X) +e(X) = q(X)g(X) + SX)
Syndrome S(X) is the remainder found by dividing r(X) by g(X)
~CX) = r(X) +éX) (corrected codeword)




