Numerical Methods: Important Equations
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Mid:
m: mantissa
b: base (2 for binary)
e e: exponent
m-b oo
Condition: 1
—<m<1
Floating Point b
Representation: | Chopping: Rounding: Machine Epsilon:
Ax _
| | < |Ax| ? € — bl t
x| x| — 2 o .
t: number of significant figures in
|Ax|: interval between numbers mantissa
S ) SO x) f(")( )
f(xl+l)_f(xl)+f(xt)h+ 2 + 31 ! h e Y——— a h"+R
Taylor Series h: step size Remainder (absolute error): O(h™*1)
Approximation:
h=x;,—x; f("+])(5;') o
n
where E € [xi, xi+1] (n + 1)'
Percentage True Relative Error: Relative Percentage
x.true _ , approximate Approximate Error:
E;rl?;tiOnS' e = ; X ;rue 100% yhew _ r()ld
) r Eq = | — " 1100%
xI‘lC\\
Backward: Forward:
- ’ - , Xiy1) — J(x;
Fl.nlte ) = flx;) — flxi—y) ) = M + O(xis1 — Xi)
Difference J i) = h Xis] — X
Approximations
of first Centered:
derivative: (xXigy1) — flxiz1)
2h
. . . Where e;z4 is the roundoff error
() = J@iw) = fli) e —et [7E) | associated with the function of the
' 2h 2h 6 lower/upper x as follows:
Total Numerical
Error: True  Finite-difference Round-off ~ Truncation fxion) = f (xi-1) + e
value  approximation error error . .
(fo'r a cgntered pp flxie) = f (xXi41) + €1
finite difference
approximation) | If ;31 < & (machine epsilon), and f(3)(f) < M, then: Optimal Step Size:
y SGip) = feai)| _e WM \[3e
Total error = | f/(x;) — 7 < 3 + e hopt = i
Known multiplicity (m):
Sxi)
Newton- Xit] =X; —m—
Raphson: et =y — JCxi) S
(modified for =M S(x;) Unknown multiplicity:
multiple roots) f(xi)f’(xi)
Xitl = Xi — —— 3 »
L )T — fOxa) f7 (xi)
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S xio1 — x;)

Newton-Raphson with

Xig1 = Xj — , ~ Sxio) = flxi)
Sxi-1) — f(x:) S o) = ————
Secant Method: Modified Secant Method (with small perturbation factor 6):
. . x; f(x;)
i+1 — Xf —
Sxi + 6x;) — f(x;)
Av; du; o, v,
Ui— — V; Vi —— — U ——
B "oy ay Vot = v — "ox ' ax
YL =N T S e, ou; v, a " Ou; du; Ou; v,
ox dy dy ox dx oy dy ox
Nonlinear
Simultaneous 9 9
Equations: [OUi Uil
|6x 6y|xi+1—xi]_[ ]
|0v; Ov;|YVi+1 — Vi j
l 0x ayJ
Bisection x| + X, if f(x,) - f(x;) <0, setnew x,, = x,- and repeat
Method: Xr — — 2 if f(x,) - f(x;) >0, set new x; = x,- and repeat
Error Equations | Percentage Approximate Absolute Error:
for Bisection: Error: o Ax?
Xy — X « o
— | 2211 100% [ n: fterati
Eq = 0| n:iteration number
X, + X Ax® = x,0 — x,°
Ax°: upper value of initial interval minus lower value of initial
interval
False Position .
Method: (linear Fou) 1 = x5) if f(x,) - f(x;) <0, set new x,, = x,- and repeat
interpolation) X, = — “ “
Jar) — fx) if f(x;) - f(x;) > 0, set new x; = x,- and repeat
By — @12X2 — @13X3 Conditions for Convergence:
X = n
ay
Gauss-Seidel- laji| > |aij
Jacobi for 3x3 e el by x = 2T an¥ — anx ’E'
X az1 Qpp Gp3||X2| =|b a a "
matrix: a a a x bz 2 Magnitude of the diagonal element
31 32 33 3 3 be — _ must be larger than the sum of the
X3 = e o magnitudes of the other elements
33 in its row.
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Final:
n n n
Best-fit 2 2
Criterion: S, = E e, = E (y[,measured - y[.model) Sy = Z(}’i — f(x))?
i=1 i=1 i=1
Yy = Qg + ax + e n in a, Zyl'
n =
2
S, = El (Vi — ao — aix;) >x; Xx;%||ag YV X;
=
For minimum Sr:
Linear ap = }‘, —aix - nXX;y; — 2X; LY
Regression: a) = 3 >
s.t. ¥ & x are the mean nExi — (E.Xj)
values.
Standard error of the Coefficient of Determination: s.t. S, = Z(y; — ¥)?
estimate:
S 2 S, — S, . nxx;y; — (Xx;)(Xy;)
Sye =1/ = S, JnZal = (Ex)\/nEy? — (Sp)?
Linearizing Exponenti?l; Power: , Saturation Growth Rate:
Common Yy =uwue 119 Y =X 29 s l=@l+i
Relations: Iny =Ina; + Bix log y = B> log x + log a» fstx 5 ¥y o3 x Qa3
n
2
y:ao—l—alx—l—agxz—i—e S-=Z(yf—ao—a1xf—azxf)
i=l
Polynon.1ial n in le.z Ao Zyl P Sr _
Regression: y/x _ 1
2 3 ) n—(m+1)
le' Z.X'i le' a | = YViXi ( E_s
2 ) Vi —Y)" —or
Z.X'iz Z.X'is le'4 a, Z:yi-xi = 2(y; — y)2
For 7
(Y} =[Z]{4) + {E} Yy =1Lmn »n Vn |
Coefficients:
n m 2 {A}T = |_(10 a amJ
General Linear S = Z Vi~ Zafz-” Errors: T
Least Squares: i=1 J=0 (£} =le e en |
Z01 Z11 o Zml
7 T 202 212 Zm2
[[21"[2]] {4} = {[2]" (v}} (7] =
T —1 T
(A} =[[21"12]1]  {[z]"{Y}}
: af(x;); df(x;);
yi — fxi); = };; L Aag + J;a L Aa) + e {D} = [Zj] {AA}+{E}
0 |
: o /day i /oay e Aa aop,j+1 = ap,; + Aa
Nonlme.ar df2/day  3f2/0a ,v:—‘f‘(-\‘:; Aff? aosj.—H — aOu.f -+ Aa -
Regression: (2] = . . (D} = . (AA} = 1,j+1 — Ul 1
. ) . Af j+1 — Ak j
dfufdan  Afn/0ar Vo — flx ) |€a| = 100%
LT o = fn) Aa, k P
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Linear Linear Interpolation:
Newton’s Jx1) — f(xo)
Divided fie) = flxo) + = = x0)
Difference:
fr(x) = bo + b1 (x — x0) + ba(x — x0)(x — x1)
by = f ,
Quadratic 0 = Jlx0) fr(x) = ap + ajx + axx*
Newton’s by = f(ﬂ) — flxg) s.t.
Divided L — X ay = by — b1xg + baxox)
Difference: fx) — f(xl) _ Jx1) — flxo) ay = by — baxy — byxy
by = X2 — X1 X1 — X0 a2:b2
X2 — Xo
Jn(x) =bo+bi(x —x0) + -+ by(x —x0)(x —x1) - (X —Xp_1)
by = flxp) (6 i) — (>
= fTo flx g = L)
General f)z = f‘[.\';..\']..\"[)] f[xi. ;] _-’, /'[x- _X'k]
Newton’s ‘ Slxi, xj, x] = - i - -
Divided ) ] ] Flxn.xn—1s oo x1] — flxXn—1, Xn—2, - .., X0]
Difference: by = fXas Xn 1+ -+ X1, X0) S Faotr - 01 0] = Xn — X0
Ju(x) = fxo) + (x — x0) fTx1, x0] + (x — x0)(x — x1) f[x2, x1, x0]
+o (= xp)(x —x1) - (X — X)) fXn Xno1s -4 -4 X0
R, = fup1(x) — fu(x) f(”"_l)(é)
(n+1) = —x —=x9)(x —x1)--- (x —x
Errors in R, = f—(é-')(ﬁ'rdrl —X;)”H n (i? + 1)‘ ( ())( 1) ( n)
General (n + D!
Newton’s: Rn = ,f[xo Xy Xn—1ys 0y JC(]]()C - xO)(x - xl) T (x _ xn)
RH . f[x.'1+l s Xns Xn—1s oo vy xO](x - )C())(x - Xl) e (x - xn)
7 7
X — X;
_ ]
fo@) =Y Lit0) f(x) Lw=]]—
- j=0
i=0 J#i
Lagrange eg
Interpolating | " (x — ) (x — x3) (o — ) (x — x3) (x — x0)(x — x,)
1 0 0
Polynomials: x) = + + X
Y O ey e TACOR e xo)(xl—xz)f( R o T YA
Rir = f[xs Xps Xn—15--- :x()] l—l(x _xi)
=0
fx) = flxg) + mo(x — xp) Xp=x =X
Sx) = flx) +mi(x —xy) X =x =X f(xi+1) . f(xi)
Linear Splines: ) m; =
. Xi41 — X;
f(*\) = f(xn—l} + 1 (x —x,-1) Xp—1 SX =Xy
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Quadratic
Splines:

2
fi(x) = a;x” +bix +¢; i
Conditions:
L 5 1. Values of adjacent polynomials must be equal at
Gim1%icy +bimiXici 6oy = flxic) interior knots
aixt | +bixio o = flxi) . : . .
et B Wil L 2. First and last functions must pass through the first and
2. last points respectively.
a|x§+b1x0 + ¢ = fixp) . . . . .
: 3. First derivative of adjacent functions must be equal at
2 v . "
n¥y + bnn + cn = flxn) interior knots.
3. 4. a1 - 0
2a; 1 xj—y + by =2a;x; 1 + b;

Cubic Splines:

fi(x) = aix® + bix? 4+ cix + d;

Conditions: same as quadratic +

4. Second derivatives at end knots must be zero.
5. Second derivatives at interior knots must be equal

Single Multiple:
. . n—1
[= (b~ ”M Jxo) +2 3. flxi) + flxa)
Trapezoidal I =(b—a) =
Rule: 2n
Error in single: Error in muItipIe' E — (b—a)’ 7
1, —aP ¢, T 12m?
E; = _Ef (&) - a)3 E = 12 1) Zf (&) Where the bar = represents ::emean value.
Single: Multiple:
n—1 n—2
~ S(xo) +4/(x1) + f(x2) foo)+4 > fo)+2 Y )+ for)
I'=(b—a) 6 [k i=13,5 j=2.4,6
Simpson’s 1/3 =b-a 3n
Rule: Error in single: Error in multiple:
__b—ay 4 __b—a)
‘T 2880 f ®) T 180nt
Simpson’s 3/8 ~ f(xO) + Sf(xl) + 3f(JC2) + f(X3) Truncation error:
Rule: I=(b—a) 2 =— “’6480 19)
High Accuracy
Forward oy = —f0xea) + Afxist) = 3 | gy ) —fixira) + Aflxira) = Sfxin) + 2fix)
derivatives: (xil = 2h il = h2
Error: 0(h?)
High Accuracy
Backward f’( = Sf(X,] — 4f[x,-_1) + ‘((XI—Q) » 2{()(:} - Sf(xi—l) + Aff(xf—Q) B ‘([Xi—3)
derivatives: Xil = 2h f [Xf] - h?
Error: 0(h?)
I(-:Iigh Acc;uracy Fix) = —f(xi40) + 8ﬂ><p+1]]2_h 8f(xi—1) + flxi—2)
entere
derivatives:
— + . — )+ 1) = flx_
Eoror O i) = fixivo) + 16f(xi41) ]3;);(2&] 16f(xi—1) — flxi—2)
ODE Second- dv h? d st &y
order Taylor Vi =Yy, + h—y dy(x) = f(y,%) dx" must be derived
Series Method: dx 2! dx’ dx ’ from f(y, x)
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ODE:
I Global
MethOd It-roucr?cation trl.?nc?ation
error error
Euler Method Vi =i+ f(x, ) on?) |owm)
Heun's Method
Predictor: y%, =y, +h f(x,),) o) |0(r)
Corrector: ;! =+ (£ (53 + £ (o)
Midpoint Yy =Y +g f(x,») O(h’) | O(h*)
z+5
Yia =+ h f(leayHl)
2 2




